CIS 4720 Key to Sample Midterm 2
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There is only one 8-connected component.
The equivalence label class is: 1=2=3={1,2,3}

There are five 4-connected components. -
The equivalence label classes are: 1={1}, 2={2}, 3={3}, 4={4}, 5=6={5,6}
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As seen in class: (f *g)(x,y) = 2-1 2 f(1,)) g(x=i,y—j).
=2 g

Now, consider convolution at the pixel whose grey level is 1, i.e., at the pixel of coordinates (0,0).

1 1
We have: (F*)(0.0) = > > f(ij) o(-i.-i)

i=-1]=-1

= f(-1,-1)og(1,1) + f(-1,0)g(1,0) + f(-1,1)g(1,-1) +
f(0,-1)g(0,1) + £(0,0)g(0,0) + f(0,1)g(0,-1) +
f(1,-1)g(-1,1) + f(1,0)g(-1,0) + f(1,1)g(-1,-1)

= an g(l,l) + agp g(1,0) + ags g(l,—l) +
a21 9(0,1) + a2 9(0,0) + a3 9(0,-1) +
ds1 g(—l,l) + asz g(—1,0) + a3 g(—l,—l)



If we assume that the values g(1,-1), g(0,-1), g(-1,1), g(-1,0) and g(-1,-1) are 0, we get: (f *g)(0,0) =
12a;; + 1la;, + 2ay + ax . For a smoother and more natural transition, we may also assume that the
first row and column repeat themselves outside the MxN rectangular region (reflected indexing). We
then get: (f *g)(0,0) = 12a;; + 11lajp + 11aj3 + 2a; + @y + ags + 2a3; + as + ass.

First alternative Second alternative
0|0f0]|O 1123
01123 11123
0 |11|12|13 1111|1213
0 |21|22|23 2121|2223

V.

Let (x,y) be an element of ‘Z?, let f be an element of MY and g be an element of M.

Can we define (F*g)(xy) as Y, D f(i.j) gx-iy-i) ?

i=—00 j=—00
Since f and g are mappings, every term f(i,j) g(x-1,y—j) in the double sum is defined. However, adding
an infinite number of values might not make any sense. It makes sense here, and here is the reason.
Assume f belongs to MY, We can find two odd and positive integer values m and n such that for any
(i,j) in 2% if i<=(m=1)/2 or i>(m-1)/2 or j<—(n-1)/2 or j>(n-1)/2 then f(i,j)=0. In other words, there
exists an mxn rectangular region outside of which f is zero.

[LEN

m- n-

o0 o 2
E E f(i,j) g(x-1,y—}) is therefore equal to the finite sum Z

i=—0 j=—00

(I J) g(x=1,y-j).
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The same is true if g belongs to MU (and f to 2M). We can still find two mtegers m and n such that:
m-1 n-1

2
._E_m JZO f(i.j) g(x-1,y-j) is equal to 22121 f(i.§) 9(x-i,y-j).

What all this means is that convolution can be defined in a more general setting, where there is no need
to distinguish between the left operand (the “convolution kernel”) and the right operand (the “image”).

1/ a) Here, both f and g represent elements of M". To compute f *g, you can consider
that g is a very small “image”, with zero grey level values outside the 1x3 rectangular region.

“Image” g
10 1 ololo]olo f*g
Weget: T*g=|_2 o 2|. oloflo]o|oO -1/0 |1
-1 01 0|-1{0]|1]|0 -2(0]2
o|o|lo|0]oO -1{0 |1
o|o|lo|0]oO




(i,0) g(=1-i,0) = 1x(~1)+2x0+1x0 = -1

1 0 1
Forinstance, (*9)(-10)= Y, Y 1(ij) o(-1-i) =D,
i=-1 j=- I=-

1

1 0
and (F*g)(0,00= D O T(0,) gl=iv-i) = Y, (1,0 9(-i,0) = 1x0+2x(~1)+1x0 = -2.

i=——1 )=-0 i=-1
“Image” f
o|o|lo|0]oO g*f
-1 01 o|of1|0]0O -1{0 |1
Forg*f wealsoget |_o o 2|. olo0f2]0]|0 2|0 |2
-1 01 o|of1|0]0O -1{0 |1
olololo]o -

Intheend: f*g =g*f =fg.

b) f could be used as a convolution kernel for smoothing an image (a weighted average of grey level
values is computed in a 3x1 neighbourhood). g could be used as a convolution kernel for detecting

vertical edges. f*g =g *f =fg could be used for the same purpose.

0 1 1
0 k(xy) = (@h)y) = Y > gli) hx-iy-) = >, 9(0,) hxy-i)

1=0 j=-1 I=-1

=9(0,-1) h(x,y+1) +9(0,0) h(x,y) + 9(0,1) h(x,y-1) = -h(x,y+1) + h(x,y-1)

1 0 1
(F*@)(xy) = (FR)(xy) = 21 EO £(i j) k(x-i.yj) = 21 £(i,0) k(x-i,y)
I=—1 J=- I=—
= f(-1,0) k(x+1,y) + f(0,0) k(x,y) + f(1,0) k(x=1,y) = k(x+1,y) + 2k(Xx,y) + k(x-1,y)
see expr_ession

koo [NOFLYFD) + ROCLY-D)] + 2[-h(xy+1) + hxy=1)] + [-(e-1y+1) + h(x-1y-D)]

= —h(x+1,y+1) + h(x+1,y-1) - 2h(x,y+1) + 2h(x,y-1) — h(x-1,y+1) + h(x-1,y-1)

definition of [-1 0 1 . va)
convolution (|-2 o 2/*Mxy) = ((f*g)*h)(x.y)
-1 0 1

We have shown that f *(g*h) = (f *g)*h.

m-1 m-1
2. O 2. %

2 &) ()= Yy D i) gbeiy-D= Dy G0 g0-in)= Y 101.0)gleeiy)
|=—T = i=_T‘ j=—c0

The finite sum can be replaced by the infinite sum because f(i,0) is 0 anyway if i is not between
—(m-1)/2 and (m-1)/2 (we are “outside” the “convolution kernel” f). Moreover, if i=x then g(x-i,y)=0
(because then we are “outside” the “image” g). The conclusion is that there is at most one non-zero
term in the sum, and this term is f(x,0)g(0,y). In other words, (f *g)(x,y) = f(x,0)g(0,y). This product



f(x,0)g(0,y) is also (fg)(x,y) (element in the x™ row and yth column of the matrix product fg). Therefore:
f *g = fg. We can show in the same way that g*f = fg.

n1 n1

b) k(xy) = (@) (xy) = 2 2 o(i) h(x-iy-) = Z 0(0.) h(xy-)

f(i,0) k(x-1,y)
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Therefore: (f *(g*h))(x,y) = (f *k)(x,y) = 2 f(i,)) k(x=1,y-j) =
‘T

n-1

Y ) "7'
Syavore 24, 100 Z 0NNty = 2 %y, 16090 iy
2 2 7

of k(x,y) above

n-1

2/ a) deflnltlon of
2 Z (F *0)() hOx-iy-i) ((F*9)*)(xy)

convolutlon

We have shown that f *(g*h) = (f *g)*h.

We proved in class that convolution is bilinear. According to this exercise, it seems that convolution is
also commutative and associative. Moreover, f*g=1fg when f is an mx1 matrix and g a 1xn matrix.



